We show that deterministic and conclusive transformation properties of bipartite entanglement in the nonasymptotic scenario ͑when many but a finite number of copies of a source state are collectively manipulated͒ are fundamentally different from those in both the single-copy and asymptotic limits. For instance, by generalizing the notion of local comparability of entanglement in the single-copy case, we provide a complete classification of bipartite entanglement transformations in the nonasymptotic scenario. We also show that, unlike the asymptotic case, collective operations need not always be advantageous for the many-copy case. In particular, we show that ͑1͒ there exists a class of states for which the optimal conclusive transformation probability decreases exponentially with increasing number of copies, even if the source state has more entropy of entanglement, and ͑2͒ optimal conclusive transformation probability need not be a monotonic function of the number of copies.
Entanglement transformation addresses some fundamental concepts in quantum information theory, such as interconvertibility of different types of entanglement, and quantification of entanglement as a resource. Transformation properties are usually studied in two distinct regimes: ͑i͒ the asymptotic limit, where the parties collectively manipulate, in principle, an infinite amount of resources to attain the entropic bound ͓1,2͔, and ͑ii͒ the finite copy regime ͓3-7͔, where, as the name suggests, the parties manipulate only a finite number of shared entanglements. Although pure-state entanglement can be asymptotically diluted and concentrated with unit efficiency ͓1͔, this remarkable property does not hold in the finite-copy scenario. Moreover, recent results ͓5,6͔ have shown that transformation properties can be fundamentally different in the two regimes, and raised several key issues concerning the formulation of an appropriate entanglement measure.
Within the finite-copy regime, almost all known results and classifications apply to only the single-copy case, where both deterministic and conclusive transformations of bipartite states using local operations and classical communication ͑LOCC͒, with or without entanglement assistance ͑ELOCC͒, have been studied. The single-copy case is an extreme special case of the nonasymptotic regime, and it is unclear whether notions developed for this case are even justified or continue to hold in the many-copy setting. In this article, we investigate both deterministic and conclusive transformation properties of bipartite entanglement in the scenario when many but a finite number of copies of a source state are used to obtain as many exact copies of the target state under both LOCC and ELOCC. Our studies show that the many-copy case exhibits a number of unique transformation properties that are significantly different from those in both the singlecopy and asymptotic limits.
For example, consider the fundamental notion of ''incomparability'' ͓4͔ of a given pair of entangled bipartite states, where a single copy of neither one of the given states can be converted to a copy of the other with probability one under LOCC. If a given state is deterministically LOCC transformable to another, then the entropy of its entanglement is at least as much as that of the target state, making the entanglements of the pair comparable; however, if a pair is incomparable, then it does not allow us to make any relative comparison of the entanglement of the two states. An interesting twist to the issue of entanglement comparability of pairs of states has been provided in ͓7͔, where it is shown that certain incomparable pairs are deterministically transformable ͑one way͒ in the presence of an auxiliary entanglement that remains intact in the process ͑catalysis͒. Thus, with auxiliary resources, the entanglement of otherwise single-copy incomparable pairs become comparable if they admit catalysts. This already suggests that the conventional notion of incomparability could be limited because of its restriction to the single-copy case, and that it needs to be generalized to capture the full power of the nonasymptotic scenario. Toward this end, one of the first questions we ask in this article is the following: Do single-copy incomparable pairs remain incomparable when collective operations are performed on multiple copies?
We answer the above question in the negative, and present the existence of states that are incomparable in the singlecopy case but are nonetheless convertible in an exact and deterministic way if many copies are used in the transformation. In particular, we show that any given pair of states falls into either of the following two classes. k ͖ remain in-comparable for any finite k even under ELOCC. We go on to provide a necessary condition for a pair to be k-copy LOCC comparable for a finite k, and a sufficient condition for a pair to be strongly incomparable in dϫd for all dу3, which provides an easy method of generating such states in dϫd.
The above results might indicate that using many copies can be always beneficial, but we show that this is not the case. Moving from deterministic cases to conclusive ones, we find two intriguing features. ͑1͒ An increase in the number of copies can result in an exponential decrease in the conclusive transformation probability, i.e., p max (͉͘
, under both LOCC and ELOCC, even though the source state ͉͘ has more entropy of entanglement. ͑2͒ The optimal probability of a conclusive conversion p max (͉͘ k →͉͘ k ) may not be a monotonic function of the number of copies k. These results show the surprising fact that collective manipulations need not necessarily be advantageous in the case of exact and multicopy conclusive transformations.
A bipartite dϫd pure quantum state ͉͘ is usually represented as ͉͘ϭ ͚ iϭ1
, which are also the eigenvalues of the reduced density operator. Since the eigenvalues determine the existence or nonexistence of transformations to be studied in this article, it is convenient for us to denote the state itself by its eigenvalue vector: ϵ(␣ 1 , . . . ,␣ d ). The central tool in proving our results is due to Nielsen ͓4͔: A bipartite pure state ͉͘ transforms to another state ͉͘ using LOCC with probability 1 if and only if is majorized by ͑written ՞), that is, if and only if for each m in the range 1, . . . ,d,
Incomparable pairs are those for which the majorization condition is violated by the concerned states ͓4͔. For instance, one can easily check that the states ϵ(0.4,0.36,0.14,0.1) and ϵ(0.5,0.25,0.25,0) are incomparable. However, as noted earlier, the single-copy scenario is a special case of the nonasymptotic regime, where we allow many copies to take part in the transformation. We now show that it is unnecessary to conclude that the entanglement of two states is ''incomparable'' based only on their properties in the singlecopy case, and that the notion of incomparability can be naturally generalized to the case involving many copies. In particular, we show the existence of states ͕͉͘,͉͖͘ that have the following properties: ͑1͒ ͉͘}͉͘ under LOCC; and ͑2͒ ͉͘ k →͉͘ k with probability 1 by LOCC for some kϾ1.
Consider the single-copy incomparable states ϵ(0.4,0.36,0.14,0.1) and ϵ(0.5,0.25,0.25,0). Existence of such exact and deterministic k-copy transformations might prove to be of some practical value as well. Take, for instance, the two-copy LOCC comparable pair, discussed above. This pair is catalyzable, and one can verify that the 2ϫ2 state ϭ(0.6,0.4) is a valid catalyst for the pair. Thus to obtain two copies of ͉͘ from two copies of ͉͘, one needs two such entanglement assisted transformations. But we have already shown that the same goal can be reached by a single collective transformation without any catalyst.
We (͉͘→͉͘) ϭ␣ d /␤ d , then the probability of conclusive transformation cannot be increased in the presence of any catalyst. Thus, our results show that there exist incomparable pairs for which the conclusive transformation probability cannot be improved in the presence of any catalyst and using multiple copies the probability falls off exponentially.
Note that the condition p max (͉͘→͉MES͘)Ͻp max (͉͘ →͉MES͘) might be satisfied even though E(͉͘)ϾE (͉͘) where E is the entropy of entanglement. Consider the following incomparable pair in 3ϫ3, which we know to be strongly incomparable:
͕ϭ(0.4,0.4,0.2); ϭ(0.5,0.25,0.25)͖. We are interested in how the conclusive transformation probability p max (͉source͘ k →͉target͘ k ) scales with k, k being arbitrarily large but finite. Let us first collect the following facts about the above pair.
͑1͒ E()ϾE(), which means that in the asymptotic limit ͉͘ generates a larger number of maximally entangled states as compared to ͉͘.
͑2͒ Let ͉MES͘ be a maximally entangled state in 3ϫ3. Then p max (͉͘→͉MES͘)Ͻp max (͉͘→͉MES͘), which means that given a large but finite number of copies we can obtain more maximally entangled states from ͉͘ when we use a conclusive conversion protocol.
Let us now consider the scenario when many copies are used to transform the states among themselves.
Case 1. ͉͘,͉͘ are the source and target states, respectively. First note that p max (͉͘→͉͘)ϭ␣ 3 /␤ 3 ϭ4/5. Hence,
falls off exponentially to zero even though E(͉͘)ϾE(͉͘).
Since the conversion is conclusive, a successful conversion always results in an exact outcome. At this point, it is instructive to analyze this result by comparing it to an asymptotic conversion. Note that there is no contradiction with the result of Bennett et al. ͓1͔ . To see this, consider what happens in an asymptotic conversion. It was shown in Ref. ͓1͔ that in an asymptotic conversion, the yield approaches E()/E(), the fidelity approaching 1 and the success of probability also approaching 1 in the limit of large k. Since E()/E()Ͼ1, in the limit k→ϱ, we would obtain at least as many copies of ͉͘ with fidelity approaching unity. This apparent contradiction is resolved at once by noting that for any finite k, however large, the conversion is always approximate and the success probability is always less than 1.
Case 2. ͉͘,͉͘ are the source and target states, respectively. We present this case through numerical results that indicate a rather surprising feature. We find that, as we keep increasing the number of copies, the transformation probability shows an approximately damped oscillatory behavior ͑see Fig. 1͒ . This clearly shows that the transformation probability may not be a monotonic function of the number of copies. Note that the maximum transformation probability occurs when kϭ3. So the transformation probability increases to maximum at kϭ3 and then decays in an oscillatory fashion. What is curious in this behavior is the lack of monotonicity.
More surprisingly, such nonmonotonic behavior is observed even in the case of k-copy LOCC comparable states, when we examine the pairs ͕͉͘ m ,͉͘ m ͖, where mϾk.
Clearly, if mϭkl, lу2, then the pairs are again comparable, and the corresponding LOCC transformations occur with probability 1. However, in response to a conjecture stated in an earlier draft of this paper on the LANL web site ͓8͔, Ref.
͓9͔ provided examples of k-copy comparable pairs, where, for example, the pair ͕͉͘ (kϩ1) ͉,͘ (kϩ1) ͖ is no longer comparable ͑i.e., the probability of transformation is Ͻ1). Hence, as a function of the number of copies m, the transformation probability reaches unity at regular intervals ͑i.e., at multiples of k), but in between these points the optimal probability exhibits a complex nonmonotonic behavior.
To summarize, we have investigated both deterministic and conclusive transformation properties of bipartite entanglement in the scenario when many but a finite number of copies of a source state are collectively manipulated. We have shown that such a nonasymptotic many-copy case exhibits several transformation properties that are significantly different from those in both the single-copy and asymptotic limits. For example, we showed that the notion of incomparability is restricted if only the single-copy scenario is considered, and we introduced generalized notions of comparable and incomparable pairs of states that are appropriate for deterministic transformations ͑with or without auxiliary entanglement assistance͒ in the nonasymptotic case. We also demonstrated, unlike the asymptotic case, collective operations on an increasing number of copies of the source states need not always be advantageous for the many-copy case. In particular, we showed that ͑1͒ there exists a class of states for which the optimal conclusive transformation probability decreases exponentially with increasing number of copies, even if the source state has more entropy of entanglement, and ͑2͒ optimal conclusive transformation probability need not be a monotonic function of the number of copies.
The study of transformation properties in the nonasymptotic case opens up a number of avenues of research. For example, should one also define the concept of k-copy ELOCC comparable states? In other words, are there pairs of states that are k-copy LOCC comparable, but the pairs ͕͉͘ kЈ ,͉͘ kЈ ͖ become ELOCC comparable for some kЈ Ͻk? Are there stronger necessary conditions for states to be k-copy LOCC comparable than those derived in Lemma 1? Similarly, what are the necessary and sufficient conditions for states to be strongly incomparable?
